
4th Asia-Pacific Conference on Plasma Physics, 26-31Oct, 2020, Remote e-conference    

The Correct Cutoff Variable for Coulomb Collision in Plasma 
Yongbin Chang 1, and Ding Li 1, 2, 3 

1 Institue of Physics, Chinese Academy of Sciences 
2 University of Chinese Academy of Sciences 

3 Songshan Lake Materials Laboratory 

e-mail (dli@cashq.ac.cn)  

 

 
Based on a long-distance Coulomb interaction of charged 

particles in the potential U(𝑟) = 𝜅/r, the plasma kinetic 

equations always meet the divergence because 

Rutherford differential cross section  

𝜎(𝑔, 𝜃) =
𝜅2

4𝜇2𝑔4𝑠𝑖𝑛4(𝜃 2)⁄
=

𝜅2

(𝑚∆v)4
 

has a singularity at 𝑚∆v = 0 here 𝜇 is reduced mass 

and g is the relative velocity of charged particles. 

Usually, a cutoff variable should be introduced in order 

to remove the singularity. The traditional way is to make 

a cutoff either on impact parameter b [1] or scattering 

angle θ [2]. A third cutoff variable ∆v was introduced 

for removing the singularity [3] [4]. 

This presentation will compare the differences of the 

three kinds of cutoff variables, including impact 

parameter b, scattering angle θ and velocity change ∆v. 

It is shown that the singularity at ∆v = 0 cannot be 

removed by a cutoff on small scattering angle  (𝜃 ≤
𝜃𝑚𝑖𝑛) unless the relative velocity g is constant. However, 

in plasma physics, g can vary from zero to infinite due to 

varied field particle velocity v𝐹 even if the test particle 

velocity v is a constant. Obviously, the singularity still 

exists at 𝑔 = 0 after the cutoff on 𝜃𝑚𝑖𝑛 made. The 

cutoff on scattering angle 𝜃 ≤ 𝜃𝑚𝑖𝑛 can not remove the 

weak collision events with both smaller g and larger 𝜃. 

In fact, scattering angle θ has already been proved 

mathematically to be an incorrect cutoff variable [5]. 

Similarly, the singularity at ∆v = 0 cannot be removed 

by a cutoff on large impact parameter b (𝑏 ≥ 𝑏𝑚𝑎𝑥  ) 
unless g is constant. Obviously, the singularity still exists 

at 𝑔 = 0 after the cutoff on 𝑏𝑚𝑎𝑥  made. The cutoff on 

impact parameter 𝑏 ≥ 𝑏𝑚𝑎𝑥 cannot remove the weak 

collision with smaller g and smaller 𝑏. 

Recently, we claim the impact parameter b is an incorrect 

cutoff variable. The traditional practice of making the 

cutoff on small impact parameter 𝑏 ≤ 𝑏𝑚𝑖𝑛 is a total 

mistake. Small impact parameter is not the reason of 

divergence as Landau once pointed out [2] ‘if the exact 

formulae are used, then there would, of course, be no 

divergence at small b’. Landau’s predication is proved by 

our exact mathematical calculation [6]. 

The velocity change ∆v is so far the only correct cutoff 

variable that is mathematically proved [4]. 

Consider a test particle α in a collection of β particles 

with a Maxwellian distribution, the nth order Fokker-

Planck coefficients are defined as the integral ⟨∆v𝑛⟩ =

∫ ∆v𝑛𝑓0(𝑣𝛽 , 𝑇𝛽)𝑔𝜎𝑠𝑖𝑛𝜃𝑑𝜃𝑑𝜑𝑑v𝛽. With the cutoff on 

∆v ≥ ∆v𝑚𝑖𝑛, the exact form for arbitrary order of 

Fokker-Planck coefficients can be derived as 

⟨∆v∥
𝑛−2(𝑗+𝑘)

∆v⊥1
2𝑗
∆v⊥2

2𝑘⟩

𝜈(𝑎𝑣𝑡ℎ)
𝑛

 

= ∑
(𝑗 − 1/2)! (𝑘 − 1/2)! 𝑞𝑛+3

(𝑛−2𝑖)(𝑦𝑚𝑖𝑛 , 𝑢)

(−1)𝑛+𝑗+𝑘+𝑖𝑖! (𝑗 + 𝑘 − 𝑖)!

𝑗+𝑘

𝑖=0
 

Where the set of functions 𝑞𝑛
(𝑘)

 is defined as 

𝑞𝑛
(𝑘)(𝑦𝑚𝑖𝑛 , 𝑢) =

2

√𝜋
∫ ∫ 𝑒−(𝑦+𝑥𝑢)

2
𝑦𝑛(−𝑥)𝑘𝑑𝑥𝑑𝑦

1

−1

∞

𝑦𝑚𝑖𝑛

 

with 𝜈 = 𝑛𝛽𝑣𝑡ℎ𝜋(𝑚𝛽𝑘 2𝜇𝑘𝐵𝑇𝛽⁄ )2, 𝑦𝑚𝑖𝑛 = 

∆v𝑚𝑖𝑛 /(𝑎𝑣𝑡ℎ), a = 2𝜋/𝑚𝛼. 

The energy transfer moments are defined as 

⟨𝜖𝑛⟩ = ∫ 𝜖𝑛𝑓0(𝐯𝛽 , 𝑇𝛽)𝑔𝜎𝑠𝑖𝑛𝜃𝑑𝜃𝑑𝜑𝑑𝐯𝛽 

where 𝜖 = (1 2⁄ )𝑚𝛼(𝑣𝛼
′2 − 𝑣𝛼

2) for a test particle.  

By using the cutoff ∆v ≥ ∆v𝑚𝑖𝑛, the nth order of the 

transfer moments can be derived as 

⟨𝜖𝑛⟩

𝜈(𝑚𝛼𝑎
2𝑣𝑡ℎ

2 /2)𝑛
=∑ 𝐶𝑛

𝑖 (
−2𝑢

𝑎
)
𝑖

𝑞2𝑛+3−𝑖
(𝑖) (𝑦𝑚𝑖𝑛 , 𝑢)

𝑛
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where 𝐶𝑛
𝑖  is the binomial coefficient.  

The energy equilibrium time and Coulomb logarithm are 

defined and based on the energy transfer rate, 

⟨𝜖⟩ = ∫ 𝜖𝑓0(𝐯𝛼 , 𝑇𝛼)𝑓0(𝐯𝛽 , 𝑇𝛽)𝑔𝜎𝑠𝑖𝑛𝜃𝑑𝜃𝑑𝜑𝑑𝐯𝛽𝑑𝐯𝜶 

The arbitrary high order of energy transfer rate can be 

derived by the cutoff ∆v ≥ ∆v𝑚𝑖𝑛 as 

{𝜖𝑛} = ∫⟨𝜖𝑛⟩𝑓0(𝐯𝛼 , 𝑇𝛼)𝑑𝐯𝜶 

= 𝜔𝜖̅𝑛∑

𝑛!Γ (
𝛾 + 1
2

+ 𝑛 − 𝑖,
Δv𝑚𝑖𝑛

𝑘𝐵𝑇𝑒𝑓𝑓
)

𝑖! (𝑛 − 2𝑖)! A2𝑖

(
𝒏
𝟐
)

𝒊=𝟎
 

Where 𝜔 = 𝑛𝛼𝑛𝛽𝑣𝑎𝑣𝜋(𝑚𝛽𝑘 2𝜇𝑘𝐵𝑇𝛽⁄ )2,  𝜖̅ =

4𝜇2𝑘𝐵(𝑇𝛽 − 𝑇𝛼)/𝑚𝛼𝑚𝛽. 
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